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This lesson plan uses the 5E format to give students
a realistic experience using trigonometry to solve an
interesting problem related to control of a robotic
manipulator. It engages their interest, allows them to
explore ideas for solutions, asks them to explain the
results, and to extend the solution to similar problems.

Evaluation of each step in the plan will help the teacher
to understand how well the concepts are being
understood.

No special materials are required aside from the usual
blackboard and chalk, although graph paper, protractors,
compasses, etc. could be useful in illustrating ways to
measure angles.



Outcomes: After completing this lesson, students will
realize that trigonometry is a useful and necessary tool
that can be used to calculate the position of a robotic
arm. They will be challenged to do their own problem-
solving by using truths from geometry to see that these
formulas are not enough in themselves to find the
solution. This motivates the introduction of trigonometry
In a very compelling way.

Obijectives: Develop problem-solving skills, practice
applying geometric and trigonometric formulas to real
problems, realize the need for algorithms, and gain an
appreciation for the techniques used to control robotic
manipulators.



This is a photo of an experiment being conducted at the
Santa Clara University Robotic Systems Lab.
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This manipulator is a simple
model of a robot with one arm
jointed in the middle. We can
move the "end effector” to
various positions and study
how to do that using software
developedto control it
remotely over the internet.

b

ar

File Wisw » =)

P live

@ Real Guide

- S—
m) I.H H-u [T
Sagl' gl g -

id4aflive || o) |~

()

Muzic & My Library 7] Muszic Stare ‘

http://mech337.engr.scu.edu




File Edit YWew Favorites Tools Help

Gﬂi?glﬁ'* | j! fiE Search web v| @ | EH5ite popups allawed 'EIF'-U'IDF"' | E =

Welcome! 129.210.18.7 You are using the
Santa Clara University
Rohotic Systems Laboratory

Internet Eemote Conirol Weh Interface

Thua Jul 25 16:09:12 PDT 2005 #rrds: 5
Thn Jul 28 16:09:03 PDT 2005 in nse

&) | & tnkernet

Received Data: 24 bates 0 90 (Hew Positions)
Last Command: 2 - 090 deg
| Link1 | Link2
Dy enter walues in degrees...
L1 -000 deg L2-000 deg
ahsolute (0 to 1800 or
L1-045 deg & ||| relative Gas indicaied):
0to 180 |-90 to A0
L1-030deg LZ-030 deg
Linkl I Link2 I
L1-135deg LZ-135deg ;
Absolute |, Relative
L1-180 deg L2 max is 150 deg

O click in jointspace... Ot click in cartesian workspace...

Or... 9otexy |

This is the
remote
interface

The green
lines
represent
the arm and
the blue
outline
shows where
the endpoint
can reach --
the robots
"workspace".



o | (10,10)

Imagine two arms on

a flat surface. . (X))
The endpoint is at
coordinates (10,10)
since each arm is
10 units long.

>

-

: Note: There are some points
Can the endpoint be that cannot be reached by

moved to point (X,¥)? | the end effector due to length
or angle limitations.




Evaluate

/ Engage \
This section stimulates the student interest in solving a problem in
robot manipulation

/ Explore \

This sections allows the student to find there own way through the
problem solution after reviewing some basic formulas from geometry
and trigonometry. (they don't have to already know those subjects)

/ Explain \

This section gives students a chance to review what they learned
while exploring by writing down the steps used to solve the problem.

/ Extend \

This section opens up challenges in how to program a computer to
show the solution the student came up with.




/ Engage \A . (10,10)

If we rotate the 2nd arm (X,y)
to the left 45 degrees, wg

can point it in the right
direction, but it isn't long
enough. We would have

to move the 1st arm too. ﬂ,5

-

Can the endpoint be
moved to point (x,y)?




Engage

‘/,/" ‘\\\\;“

What are the values of
angle1 and angle2 that
allow the endpoint to
reach point (x,y)?

.(10,10)

angle1 ’) .

(X,y)

-

These angle measurements
could be given to a robotic
arm to control where it
must move to pick up some
object.

Let's measure angle1 from
the x-axis and angle2 from
arm1



Explore

/ \A

What are the values of
angle1 and angle2 that
allow the endpoint to
reach point (x,y)?

.(10,10)
(X,y)

angle1 ’3

<

There are formulas which
have been developed to find
these angles. If you are
curious look up the phrase
"Inverse Kinematics”

...But let's use common
sense and make some
observations on our own to
better understand the
relationships involved.



/ Explore \A
We could draw a line from
the origin (0,0) to (x,y) and
calculate it's length since
the line is the hypotenuse
of a right triangle

—L

81 /¢ =38.4624...

in c++; sqrt(pow(2,2)+pow(8,2))

For this experiment, let's
use (2,8) for (x,y)




/ Explore \A
We could draw a line from (2,8)
the origin (0,0) to (x,y) and
calculate it's length since
the line is the hypotenuse
of a right triangle

angle1 '5

-

But will this help us find the

angles? Explore your own ideas

to develop this further.

in c++: sqrt(pow(2,2)+pow(8,2))
\/



/ Explore \ A

We could draw line b
and calculate it's length.

- angle1 ’7 .
— \J\f c = 8.4624
ho \loxrh ~ G i b=sos
(u\/\ Vb’z' ) in c++: sqrt(pow(10,2)-pow(0.5%8.4624,2))




_— Explore T~ 4

We could draw line b (2,8)
and calculate it's length.

Notice also that the C
supplement of angle2 =
(180-angle2) would

be bisected by line b.

angle1 '5

(read about isosceles triangles to

see why) c = 8.4624
That means if we can b=9.06
find angle between 1T

arm1 and line b we could |in ¢++: sqrt(pow(10,2)-pow(0.5*8.4624,2))
also find angle 2




_— Explore T~ 4

If we can find angle
between arm1 and line b
we can also find angle 2.

But how? Trigonometry

(1/2 of ¢)
\ ) 9.06
4.23 [ &

10




Explore

/ \A

We can find the angle
between arm1 and line b
using formulas from
trigonometry.

For a wonderful intro, see:
http://alephO.clarku.edu/~djoyce/javal/trig/

. anglef '7 .
(172 OQC)D 06 sin ? = opposite/hypotenuse
1 r? sin?= 423 [/ 10

? = arcsin( .423)

in ¢++: cout << asin(.423) << end];



_— Explore T~ 4

But .43657 isn't the angle (2,8)
Is it? Well yes, but in
radians rather than

degrees. c ~
to convert:
deg = (180 /Pl) radians
Jeg ( ) angle1 P _
(1/2 of ) s 43657 = arcsin( .423)
\ 5 . in c++:
4.23 T ?\ cout << (1807 3.1415926535) *.43657;
10 25.01




/ Explore \ A

Double that angle (since (2,8)
line b bisects the

supplement of angle2) and
(finally) we got it! C

angle2 =180 - 2 * 25.01
angle2 = 130
-

angle1 '5

(1/2 of c)
\ g 906 Can you find angle1?

4.23 T ?\
10 25.01




Explain

/ \ A

Let's review:

In order to find angle2, we:
- calculated line ¢

- calculated line b

- used arcsin to find angle ?
- angle2 is supplement of
angle ? doubled

aﬁgle1 '5

-

Each of those steps can be
broken into further details,
but they outline a plan of
action.

Can you find angle1?

Work out a plan and list the
steps you took to find it.



/ Explain \A

(X,y)

An algorithmis a

detailed description
of the steps needed
to solve a problem.

angle1 ’;

After you have had a change to think about your
explorations, write an algotithm that would allow
someone to write a compuger program which would
calculate the two angles ng¢eded to position the robot

arm to a particular point giyen as input to the
program.




Extend

/ \ A
There 1s more than one way to get
from (10,10) to (2,8) since there
are two angles involved. For
example, we could move the
lower part of the arm through
anglel, and then move the upper
part through angle2.

What path would the end effector

.(10,10)

angle1 ’)

(2,8)

fake if we did that?

Would the path change 1f we
moved first through angle2, then
angle1?

What if we alternated the
traversal one degree at-a-time?

How could you move the end-
effector 1n a straight line to the
new point?

What is a "straight line" when each
point i1s a square (pixel)?



_— Extend T~ 4 ’(10 10)
(2,8) |
Write an algorithm to move the
end-effector in a "straight line" to
the new point. m
angle2

There 1s more than one choice for
"straight" since computer drawing
is choosing which square pixel

< .

(picture element) to fill in to
approximate the line. _

T
Here are two:

Hint: Use slope formula m




Evaluate

_— Engage T~
Evaluate the existing knowledge of each student by asking questions
about mathematical techniques that can be used for this problem.

/ Explore \

Evaluate each students participation in the problem-solving process
by asking for their suggestions about how to go about finding the
solution.

/ Explain \

Evaluate each students ability to put the solution into their own
words by having them explain it to someone else in the class.

/ Extend \

Evaluate the ability of each student to apply the techniques used to
related problems, or to convert the algorithm to a computer program.
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